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Abstract

Contagion refers to a situation where return and volatility spread from one
market over other fundamentally unrelated markets. I build a general equilibrium
model where contagion arises from investors’ counter-cyclical attention to
news. In the model, news provide information on market fundamentals and
are used to estimate them. As a negative shock hits one market, investors pay
more attention so that news transmits more rapidly to the estimation of the
fundamental driving that market. This in turn makes both the estimation of
that fundamental and the equilibrium discount rates more volatile. Because
equilibrium discount rates determine market prices, cross-market correlations
and market volatilities spike. This contagion phenomenon generates a positive
co-movement among market volatilities, a well-documented empirical fact
that leading asset pricing models cannot explain. Furthermore, the predicted
correlation among short term claims is smaller but more volatile than that
among long term claims, consistent with recent empirical findings.
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1 Introduction

The empirical literature has extensively documented the presence of contagion among
financial markets (e.g., Hamao, Masulis, and Ng, 1990; Lin, Engle, and Ito, 1994)1.
More precisely, there is ample evidence of the occurrence of both return and volatility
spillovers. Such phenomena have become increasingly important in light of the recent
subprime and sovereign debt crises. Indeed, simultaneous spikes in market volatilities
and cross-market correlations significantly alter risk management strategies, optimal
portfolio choices, and the trading of derivatives.

Although the existence of contagion is well-established, general equilibrium mod-
els have a hard time explaining it (e.g., Cochrane, Longstaff, and Santa-Clara, 2008;
Martin, 2009). In these models, market volatilities and cross-market correlations
are driven by dividend shares. An increase in the dividend share of one market me-
chanically decreases that of others. Therefore, market volatilities move in opposite
direction and a simultaneous increase in market volatilities and cross-market corre-
lations is inconceivable. This result is at odds with another well-known empirical
observation: volatilities and correlations are counter-cyclical (e.g., Schwert, 1989a;
Longin and Solnik, 2001)2. To summarize, general equilibrium models have so far not
pinned down the potential sources of return and volatility spillover effects. Moreover,
the cross-sectional dynamics of volatilities predicted by these models are inconsistent
with Fleming, Kirby, and Ostdiek (1998) who show that market volatilities are highly
positively correlated.

In this paper I show that these inconsistencies can be resolved by introducing a new
and empirically sustained ingredient, namely that investors pay fluctuating attention
to news. Specifically, I consider a pure-exchange economy à la Lucas (1978) with two
risky assets (two financial markets) that are claims to two exogenous and independent
dividend streams3. The economy is populated by a representative investor who needs
to estimate both unobservable expected dividend growth rates. The investor has two
different types of relevant information at hand: information provided by the observation
of dividends, and information provided by the observation of news.4 The key innovation
is that the investor is assumed to pay fluctuating attention to news. That is, there are
periods in which she is well focused (she processes many news sources), and periods

1See also King and Wadhwani (1990), Kaminsky and Reinhart (2000), Bae, Karolyi, and Stulz
(2003), Bekaert, Harvey, and Ng (2005), and Diebold and Yilmaz (2009). Refer to
Dornbusch, Park, and Claessens (2000) and Forbes and Rigobon (2001) for surveys.

2See also Schwert (1989b), Mele (2007, 2008), Erb, Harvey, and Viskanta (1994), and
King, Sentana, and Wadhwani (1994).

3This assumption can be relaxed. It is imposed to focus exclusively on an attention-
based type of contagion in opposition to a fundamental-based type of contagion. See
King et al. (1994), Kallberg and Pasquariello (2005), Barberis, Shleifer, and Wurgler (2005), and
Boyer, Kumagai, and Yuan (2006) for evidence of non fundamental-based contagion.

4Note that in my model prices are fully revealing since there is no noise trading. Hence prices do
not provide more information than dividends and news.
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in which she is not. Investor’s attention to a given market is assumed to be inversely
related to the performance of that market’s dividend growth. In particular, attention to
one market is independent from attention to the other because dividends are unrelated.

The fluctuating and counter-cyclical features of investor’s attention to news are
motivated by several strands of literature. First, there is no doubt that news drive
financial markets, but the relevant question is: to what extent? Second, news is
reflected into prices only if investors pay attention to it and use it in forming their
expectations. This raises another question: do investors constantly focus on news or
does attention vary with, for instance, the business cycle? The following quote taken
from Shiller (2001) provides intuition to the latter question: “[...] assume that the
public is paying continuous attention to news—reacting sensitively to the slightest clues
about market fundamentals, constantly and carefully adding up all the disparate pieces
of evidence. But that is just not the way public attention works. Our attention is much
more quixotic and capricious.” (p.79)

In order to model attention properly, it is crucial to get a precise idea on whether
attention really fluctuates, and if so, how. Recently, Da, Engelberg, and Gao (2011) and
Vlastakis and Markellos (2012) have proposed a way to estimate investors’ attention
using Google search frequencies on companies names and tickers. Their studies provide
ample evidence that investors’ attention is indeed fluctuating.5 Furthermore, Garcia
(2011) shows that good and bad news recorded from the New York Times predict future
returns better in recessions than in expansions. This suggests that either investors’
information-processing capacity6 is larger, or news is more accurate, or investors react
more strongly to it in recessions than in expansions. Within my model, a period of
high attention is interpreted as a period in which the investor focuses on many news
sources. As attention weakens, the amount of news sources processed reduces, and so
does the quality of aggregate information. Since the quality of information reflects the
investor’s willingness to react to news, each of the three interpretations derived from
Garcia (2011) is consistent with my modeling assumption of counter-cyclical attention.

On the theoretical side, counter-cyclical attention is motivated by the results
in Hasler (2012) who considers a dynamic portfolio choice and costly information
acquisition problem. In his study, investors optimally choose to increase the accuracy
of information processed as past returns decrease.7 Hence investors’ optimal attention
and information-processing cost are higher in bad times than in good times.8

5Their papers show that attention predicts future stock returns and stock market volatility. See
also Dimpfl and Jank (2011) and Kita and Wang (2012) for studies relating attention to volatility in
both the equity and the FX markets.

6Sims (2003) considers a limited information-processing capacity problem and shows that it is
similar to a signal extraction problem. See Peng and Xiong (2006), van Nieuwerburgh and Veldkamp
(2010), Mondria (2010), and Mondria and Quintana-Domeque (2012) for implications of information-
processing capacity constraints on asset prices and portfolio choice.

7See Hasler (2012) for additional details regarding the causes of this result.
8Costly information acquisition has been extensively studied. A few workhorse studies are cited
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In my model, counter-cyclical attention implies return and volatility spillover effects
between otherwise unrelated markets. The intuition is as follows. As a negative shock
hits a given market, more attention is paid to that market’s news. Since this news is
used to estimate that market’s fundamental (expected growth rate of dividend), a rise
in attention implies a faster transmission of news into the estimation and therefore
the estimated fundamental becomes more volatile. In equilibrium, discount rates
are a weighted sum of estimated fundamentals. Therefore, a more volatile estimated
fundamental endogenously generates more volatile equilibrium discount rates. Because
equilibrium discount rates determine risky asset prices, this in turn implies a rise in
both market volatilities and in cross-market correlation. This key mechanism shows how
shocks propagate from one market to the other through attention and discount rates.
Furthermore, volatilities and correlation are shown to be mainly driven by investor’s
aggregate attention to news—the sum of attentions across markets. High aggregate
attention triggers large volatilities and correlation, whereas low aggregate attention
yields small volatilities and correlation. Since aggregate attention measures the state of
the macro economy (high aggregate attention in bad times and low aggregate attention
in good times), volatilities and correlation are counter-cyclical in my model.

The model also predicts that a negative dividend shock in the first market increases
the volatility of the second stock more than that of the first stock. As mentioned
above, this dividend shock also implies an instantaneous increase in the cross-market
correlation. In the aftermath of the shock, the volatility of the second stock reverts back
quickly while that of the first stock persists. During this time period, the cross-market
correlation continues to increase for a while and then decreases. These interesting
dynamics result from the non-trivial relationship between attention and uncertainty.
As attention to a given market is very high, unexpected changes in that market’s
fundamental are close to being perfectly observed. The level of the fundamental,
however, is not. Therefore, the investor needs to be very attentive for a sufficiently
long period for the estimated fundamental to adjust towards its true value. In other
words, high attention implies low future uncertainty, whereas low attention is followed
by high uncertainty.

Furthermore, fluctuating attention generates the patterns of the term structure of
correlation documented by Van Binsbergen, Hueskes, Koijen, and Vrugt (2012). When
calibrated to US GDP data,9 attention to news is shown to be highly non-persistent.

in what follows. Detemple and Kihlstrom (1987) consider costly information acquisition in general
equilibrium. The optimal information acquisition strategy and the equilibrium stock price are charac-
terized but no explicit solutions are provided. In partial equilibrium, Huang and Liu (2007) show that
investors acquire costly information at a limited frequency and with a limited accuracy. In Veldkamp
(2006) costly information yields excess co-movement among asset prices. In Bansal and Shaliastovich
(2011) investors choose to acquire perfect information when the volatility of output is sufficiently large.
This implies jumps in asset prices.

9Andrei and Hasler (2012) calibrate the parameters of a fluctuating attention model on US GDP
data from 1969 to 2010.
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Therefore, sharp changes in attention are observed over small time intervals, affecting
the correlation among short term claims (assets paying dividends in the near future)
more than that among long term claims (assets paying dividends in the far future).
More precisely, the model implied correlation among 1-year claims is only 10% smaller
than the correlation among 5-years claims in bad times and 90% smaller in good times.
This result is perfectly in line with Van Binsbergen et al. (2012) who show that the
observed correlation among short term claims is smaller and more volatile than that
among long term claims.

Theoretical explanations for contagion among financial markets are provided in
King and Wadhwani (1990), Kyle and Xiong (2001), and Kodres and Pritsker (2002)
among others.10 In King and Wadhwani (1990) investors build their expectations about
price changes in one market by inferring information from price changes in other markets.
This assumed informational dependence implies a mechanical contagion phenomenon
among fundamentally related financial markets. Similarly, Kodres and Pritsker (2002)
show that when the differences (errors) between unobservable payoffs and their cor-
responding signals are correlated, contagion arises through a portfolio re-balancing
channel. In both studies contagion vanishes if fundamental relationships are omitted.
In contrast, I show that fluctuating attention provides a foundation for the contagion
arising among fundamentally unrelated markets.

In Kyle and Xiong (2001) contagion is implied by wealth effects, because as investors
start to incur losses their absolute risk aversion increases. Therefore, investors are
inclined to reduce their risky positions, raising simultaneously market volatilities and
cross-market correlations. A negative wealth shock, however, increases simultaneously
market volatilities and cross-market correlation only if wealth is at an intermediate
level and noisy supply is large. Otherwise, a negative wealth shock increases market
volatilities but decreases the cross-market correlation. Furthermore, their model does
not allow to relate the business cycle to the level of volatilities and correlation. My
paper is complementary because it provides a theoretical foundation for the observed
dynamics of correlations and volatilities in both the time series and the cross-section.

In an international framework, Pavlova and Rigobon (2008) show that portfolio
constraints generate excess co-movement among financial markets in general equilibrium.
More precisely, they find that the correlation among emerging (small) market returns
is larger when portfolio constraints are present. Correlation between the emerging
market return and the developed (large) market return, however, declines. As already
mentioned, my paper focuses especially on the dynamics of correlations and volatilities

10Calvo and Mendoza (2000) show that, as the market grows, costly information acquisition and
short-selling constraints strengthen contagion. Calvo (1999) and Yuan (2005) show that asymmetric
information and financial constraints lead to contagion. In Pasquariello (2007) contagion is implied
by asymmetric information and systemic risk. Note that in these papers contagion is defined as the
correlation in excess of a benchmark model. Dumas, Harvey, and Ruiz (2003) show that observed
excess correlations can be explained by a high level of market integration.
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and not particularly on their levels, generating a new and complementary contribution.
The remainder of the paper is organized as follows. Section 2 describes the model

and derives the equilibrium variables, Section 3 exposes the results, and Section 4
concludes. Derivations and computational considerations are provided in Appendix A.

2 A Two Trees Economy with Fluctuating Atten-
tion

I consider an infinite horizon economy populated by a single investor who pays fluctuat-
ing attention to news. There are two output processes (henceforth the dividends) whose
expected growth rates (henceforth the fundamentals) are unobservable. Consequently,
the investor needs to estimate the value of the fundamentals by observing the dividends
and two signals. Naturally, the accuracies of the signals are positively related to the
level of investor’s attention.

All quantities are expressed in units of a single perishable good with price equal to
unity. The set of securities available for investment consists in one riskless asset in zero
net supply and two risky assets (stocks) in positive supply of one unit. The riskless
asset is locally deterministic and pays a riskless rate r to be determined in equilibrium.

The two stocks are claims to the exogenous dividends δ1 and δ2 and have prices P1

and P2, respectively. Dividends dynamics are written

dδit
δit

= fitdt+ σδdW
δ
it + JdNit, i ∈ {1, 2}

where
(
W δ

1 ,W
δ
2

)>
is a standard Brownian motion and N ≡ (N1, N2)> a standard

Poisson process with constant intensity (ν, ν)>. That is, dividends follow jump-diffusions
where jumps represent rare but significant sectorial shocks. Jump sizes are assumed to
be constant for simplicity.

Although the investor does not observe fundamentals f1 and f2, she knows that
these processes follow

dfit = λ(f̄ − fit)dt+ σfdW
f
it , i ∈ {1, 2}

where
(
W f

1 ,W
f
2

)>
is a standard Brownian motion. Hence fundamentals mean-revert

to their long term means f̄ at speed λ.
The investor has 4 pieces of information available to estimate the value of the

fundamentals. The first two pieces consist in the dividend growth rates dδ1
δ1

and
dδ2
δ2
. Because fundamentals drive dividends, observing dividend growth rates provides

valuable information about the level of fundamentals.
The remaining two pieces of information are signals denoted by s1 and s2. The
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dynamics of s1 and s2 are written

dsit = ΦitdW
f
it +

√
1− Φ2

itdW
s
it, i ∈ {1, 2} (1)

where Φ1,Φ2 ∈ [0, 1] represent the precisions of the signals. The 6-dimensional vector(
W δ

1 ,W
δ
2 ,W

f
1 ,W

f
2 ,W

s
1 ,W

s
2

)>
is a standard Brownian motion. Therefore, markets are

perfectly symmetric and fundamentally unrelated. This simplifying assumption allows
to figure out exactly the mechanism leading to contagion.

Equation (1) shows that signals provide information on the unexpected fluctuations
driving fundamentals and not on the level of the fundamentals. This specification
was introduced by Scheinkman and Xiong (2003), Dumas, Kurshev, and Uppal (2009),
and Xiong and Yan (2010) and contrasts with the more common way of modeling infor-
mation signals in continuous-time (e.g., Detemple and Kihlstrom, 1987; Veronesi, 2000;
Peng and Xiong, 2006; Huang and Liu, 2007).11 Intuitively, the latter specification
provides direct information on the level of the fundamental while the former provides
direct information on unexpected changes in the fundamental.

I adopt the former specification because news sources are more likely to reflect
unexpected changes in fundamentals rather than their exact levels. Indeed, if I had
adopted the more common specification, I would have assumed that the volatility of the
signals would have fluctuated between 0 and ∞. As the precision of the signal (inverse
of the signal volatility) would have been infinite, the investor would have perfectly
observed the fundamental. In other words, the posterior variance of the fundamental
would have been 0. This specification seems unrealistic and is therefore omitted.

In the specification I consider, when the precision is equal 1 the investor observes the
unexpected fluctuation in the fundamental, but still does not observe its level. Hence
the posterior variance remains positive but converges towards 0 when the precision
is high. Conversely, the posterior variance converges to an upper bound12 when the
precision is low. I consider the latter specification because it is more realistic. Note,
however, that my results would not be altered if I had chosen the most common
specification.

The interpretation of the signals is the following. Assume that the investor collects
mit, i ∈ {1, 2} signals sjit, j = 1, . . . ,mit at time t. sji is the j-th noisy signal providing
information on fundamental i. These publicly available sources of information represent
for instance CNN Money, Financial Times, Bloomberg, Wall Street Journal, etc. For
simplicity, let us assume that the accuracies of these individual signals are the same.
That is,

dsjit = adW f
it +
√

1− a2dW j
it

11In these studies a signal s about f has dynamics dst = ftdt+ σdW s
t

12The upper bound corresponds to the steady-state posterior variance obtained under the absence
of signals i.e. when dividends are the sole sources of information.
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where 0 < a < 1 is the accuracy of the individual signals and all Brownian motions are
uncorrelated.

By aggregating, the investor can summarize these mi sources of information into
two signals si whose dynamics are

dsit = ΦitdW
f
it +

√
1− Φ2

1tdW
s
it

where

Φit = a√
1
mit

(1 + (mit − 1)a2)
.

The above equation shows that the investor controls the accuracy of information Φi

by choosing the number of signals mi she acquires. When the investor is very attentive
to news, the number of individual signals collected is large and leads to high accuracy.
When the investor is inattentive to news, the number of signals acquired is small and
leads to low accuracy. For this reason, I call Φi the attention to news associated to
fundamental i.

In contrast to Detemple and Kihlstrom (1987), Peng and Xiong (2006),
Huang and Liu (2007), and Hasler (2012), attentions will be modeled in reduced
form as they will be driven by the state of the economy. This allows to compute
equilibrium stock prices relatively easily and to concentrate on the effect of fluctuating
attention on contagion.

2.1 Definition of Fluctuating Attention

In order to be able to apply standard filtering techniques, attentions need to satisfy two
requirements. First, attentions have to belong to the interval [0, 1]. Second, attentions
must be observable.

These two properties are satisfied by considering the following specification

πit =
∫ t

0
e−ω(t−u)dδiu

δiu

Φit = Ψ
Ψ + (1−Ψ)eΛ(πit− f̄+Jν

ω
)
, i ∈ {1, 2} (2)

where ω > 0, Ψ > 0, and Λ ∈ R. Note that this inverse logit model is inspired by
Andrei and Hasler (2012) who model fluctuating attention to news in a pure-exchange
economy with one risky asset.

The process πi (henceforth the dividend performance index) measures the past
performance of dividend i’s growth.13 The parameter ω controls the importance of past

13This index is inspired by Koijen, Rodriguez, and Sbuelz (2009) who measure the past performance
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dividend growth rates relative to the current dividend growth rate. If ω is small, then
past dividend growth rates matter in the determination of the current performance
index. If ω is large, then past realizations of dividend growths do not alter significantly
the value of the performance index.

The performance indices have dynamics

dπit = ω

(
fit
ω
− πit

)
dt+ σδdW

δ
it + JdNit, i ∈ {1, 2}. (3)

Equation (3) shows that πi reverts to its stochastic mean fi
ω

at speed ω. Since
fundamentals belong to the real line, performance indices belong to the real line too.

In order to relate attentions to the performance indices, the real line needs to be
mapped to the interval [0, 1]. This is achieved by considering the logistic model exposed
in Equation (2).

Depending on whether the parameter Λ is positive or negative, attentions might
either be counter-cyclical or pro-cyclical because f̄+Jν

ω
is simply the long term mean of

the performance indices.14 Moreover, Λ determines the range of attentions. A large Λ
pushes attentions to effectively belong to the entire interval [0, 1]. The smaller the Λ is,
the smaller the range of attentions becomes. As Λ is close enough to zero, attentions
are close to be constant.

Andrei and Hasler (2012) estimate the parameters driving attention using US GDP
data from 1969 to 2010. The output of their Generalized Method of Moments estimation
(reported in Table 1) shows that the parameter Λ is positive and significant. Hence the
investor is highly attentive and gathers very accurate information when the dividend
performance index is low (in bad macroeconomic episodes), and vice versa. Because
attention is counter-cyclical, investors build more accurate forecasts and react more
aggressively to the incoming news in recessions than in expansions. These results
are consistent with the empirical findings of Da, Gurun, and Warachka (2011)15 and
Garcia (2011), respectively. Furthermore, counter-cyclical attention is in line with the
theoretical finding of Hasler (2012) who shows that investors optimally choose to pay
a large cost and process accurate information in periods where prices perform poorly.
In other words, Hasler (2012) provides theoretical evidence that investors’ optimal
attention (accuracy) decreases with the price performance.

Finally, the parameter Ψ stands for long term attention. That is, the level of
attention conditional on the performance indices being at their long term means.

of stock returns to allow for mean reversion.
14See Appendix A.1 for the derivation of the long term mean.
15Da et al. (2011) show that, when the flow of news is continuous, analyst forecast errors are smaller

in downturns than in upturns.
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2.2 The Difference between Attention to News and Attention
to Wealth

My model features fluctuating attention to news. In periods when attention is large
(low), investors acquire accurate (inaccurate) information regarding fluctuations in
the unobservable fundamental. This feature contrasts with the existing literature on
attention/inattention.

In my case, investors observe their wealth and can trade at any time. Hence investors
are perfectly attentive to the level of their wealth, but pay fluctuating attention to news.
In Duffie and Sun (1990), Abel, Eberly, and Panageas (2007), Chien, Cole, and Lustig
(2012), Bacchetta and Wincoop (2010), and Rossi (2010), investors do not always ob-
serve their wealth i.e. there are periods of inattention in which investors do not
trade. Duffie and Sun (1990), Abel et al. (2007), and Rossi (2010) solve for the opti-
mal inattention interval and show that it can either be constant or state-dependent.
Bacchetta and Wincoop (2010) and Chien et al. (2012) assume that the inattention
span is constant and look at the implications of intermittent portfolio re-balancing on
the forward discount puzzle and on the equity premium, respectively.

I do not consider an optimal attention problem for tractability purposes.
Detemple and Kihlstrom (1987) expose the optimal attention problem in a general
equilibrium setting but do not provide explicit solutions. Peng and Xiong (2006),
Huang and Liu (2007), and Hasler (2012) obtain explicit solutions but in partial equi-
librium settings. In order to document the implications of fluctuating attention on
contagion in a tractable framework, I model attention in reduced form (see Equation
2) and I choose parameters that match attention prevailing in the US.

In order to understand how attention is modeled, let us illustrate the long term
distribution of attention conditional on no jumps.16 Figure 1 shows that the functional
form (2) covers a large number of potential attention dynamics. Attention can be
constant (black dotted line), persistent (red dashed line), or a regime switch (solid blue
line) depending on the value of the parameters ω and Λ. The solid line corresponds
to the estimation performed by Andrei and Hasler (2012) on US GDP data. It shows
that attention is close to be a regime switching process. Indeed, periods of very large
attention alternate with periods of very low attention, as periods of moderate attention
are only short lived.

Although the range parameter Λ and the “inter-temporal weighting” parameter ω
have different interpretations, their impacts on attention are comparable. An increase
in ω or a decrease in Λ pushes attention to concentrate around its long term value Ψ.

To summarize, specification (2) provides a one-to-one mapping between attentions
and performance indices. Hence attentions are observable and the vector of state
variables conditionally Gaussian i.e. standard linear Bayesian filtering techniques

16Refer to Appendix A.2 for the derivation of the probability density function of Φi.
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Figure 1: Unconditional Probability Density Function of Attentions.
The unconditional PDF corresponds to the long term distribution of the attentions conditional
on no jumps. That is, π1, π2 ∼ N( f̄ω ,

σ2
f

2λω(λ+ω) + σ2
δ

2ω ) because ν = 0. The long term means
and variances are provided in Appendix A.1, the derivations of the PDF are provided in
Appendix A.2, and the parameters are provided in Table 1.

apply.

2.3 The Filtered State Variables

The investor filters out the fundamental fi, i ∈ {1, 2} by observing two different
sources of information: the dividend δi and the signal si.17 Attention Φi is observable
because it depends on the dividend performance index πi. Therefore, fundamentals are
conditionally Gaussian and the linear Kalman filter applies. Proposition 1 exposes the
dynamics of the variables inferred by the investor.

Proposition 1. Following Liptser and Shiryaev (2001), the dynamics of the inferred
vector of state variables satisfy

dδ1t

δ1t
= f̂1tdt+

(
σδ 0 0 0

)
dWt + JdN1t

dδ2t

δ2t
= f̂2tdt+

(
0 σδ 0 0

)
dWt + JdN2t

df̂1t = λ(f̄ − f̂1t)dt+
(

γ1t
σδ

0 σfΦ1t 0
)
dWt (4)

df̂2t = λ(f̄ − f̂2t)dt+
(

0 γ2t
σδ

0 σfΦ2t

)
dWt (5)

17Note that the performance index πi is redundant because it represents an average of past dividend
growths.
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dπ1t = ω

(
f̂1t

ω
− π1t

)
dt+

(
σδ 0 0 0

)
dWt + JdN1t

dπ2t = ω

(
f̂2t

ω
− π2t

)
dt+

(
0 σδ 0 0

)
dWt + JdN2t

dγ1t =
(
−γ

2
1t
σ2
δ

− 2λγ1t + σ2
f

(
1− Φ2

1t

))
dt (6)

dγ2t =
(
−γ

2
2t
σ2
δ

− 2λγ2t + σ2
f

(
1− Φ2

2t

))
dt. (7)

The innovation process W is a standard Brownian motion defined by

dWt ≡


dW1t

dW2t

dW3t

dW4t

 =



1
σδ

(
dδ1t
δ1t
− f̂1tdt− JdN1t

)
1
σδ

(
dδ2t
δ2t
− f̂2tdt− JdN2t

)
ds1t

ds2t

 .

Proof. See Theorem 12.7 of Liptser and Shiryaev (2001).

In David (1997) and Veronesi (1999, 2000), the fundamental is unobservable and
follows a regime switching process. Because the number of states is discrete (typically
two states), Bayesian uncertainty is large when the filtered probability of being in
the up state is 0.5. Moreover, the filtering exercise shows that Bayesian uncertainty
coincides with the volatility of the filtered probability. Hence market volatility is large
in periods of high uncertainty and small in periods of low uncertainty.

When the number of states converges to infinity and investors have Gaussian priors,
the findings of David (1997) and Veronesi (1999, 2000) collapse. In such a world,
Bayesian uncertainty is represented by the posterior variance of the fundamental. As
shown by Brennan and Xia (2001), Scheinkman and Xiong (2003), and Dumas et al.
(2009) among others, uncertainty converges towards a constant steady-state and yields
a constant volatility of the filtered fundamental. Hence market volatility is constant as
the number of potential states converges to infinity.

Although the present setup considers linear fundamentals (infinite number of states)
and conditionally Gaussian priors, Equations (4) and (5) show that the volatility of
the filtered fundamentals is stochastic and driven by two opposite forces: uncertainty,
defined as the conditional variance of the current value of the fundamental (henceforth
posterior variance) and attention. As attention increases, investors gather more accurate
information. Hence the learning procedure becomes more efficient and uncertainty
reduces. Conversely, as attention drops investors acquire less accurate information
and uncertainty rises. Equations (6) and (7) confirm that, for sufficiently large (low)
attentions, the third component becomes small (large) enough to yield decreasing
(increasing) posterior variances. Interestingly, there is a lag between the increase
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(decrease) in attentions and the decrease (increase) in the posterior variances because the
latter are locally deterministic processes. High attention implies low future uncertainty,
whereas low attention is followed by high uncertainty.18

Investors have two sources of information (per unobservable process) at hand
to estimate the value of a fundamental: the dividend and the signal. Therefore, the
diffusion of the filtered fundamentals consists in two components: the posterior variance
and attention. The posterior variance loads on the dividend innovation and attention
on the news innovation. As stated above, there is an inverse (lagged) relationship
between attention and posterior variance. Consequently, an increase in attention
pushes investors to perceive the news source as more important relative to the dividend
source. Conversely, a reduced attention pushes investors to weight the information
content of the dividend more than the one of the signal. As a result, an increase
(decrease) in attention weakens (strengthens) the correlation between dividends and
fundamentals. As explained more extensively in Section 3, this mechanism implies a
positive relationship between attention and cross-market correlation.

In Section 3 I show that the dependence of the filtered fundamentals on attentions
and uncertainties are at the core of my results. These interdependencies permit to
understand the contagion among financial markets, the counter-cyclical dynamics of
volatilities and correlations, and the recently documented (see Van Binsbergen et al.,
2012) patterns of short term versus long term correlation.

2.4 Computation of the Equilibrium

A single investor with CRRA utility populates the economy. Since the investment
horizon is assumed to be infinite, the investor maximizes his expected utility of
consumption subject to his budget constraint

sup
C,n

Et
(∫ ∞

t
e−∆(s−t) C

1−α
s

1− αds
)

s.t dVt = (rtVt + htdiag (Pt) (µt − rt12×1)− Ct) dt+ htdiag (Pt)
(
DtdWt GtdNt

)
where C is consumption, V is wealth, µ is the 2 × 1 vector of expected return, h is
the 1 × 2 vector of risky asset holdings, D is the 2 × 4 matrix of diffusion, G is the
2× 2 matrix of jump sizes, ∆ is the subjective discount rate, and α is the coefficient of
relative risk aversion. Remember that the risk free rate r and the 2× 1 vector of risky
asset prices P have to be determined in equilibrium.

18Andrei and Hasler (2012) show that the non-trivial relationship between attention and uncertainty
implies a negative relationship between market volatility and risk premium in good times. In normal
and bad times, however, both volatility and risk premium increase with attention.
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Solving the optimization problem and clearing the markets yields

ht =
(

1 1
)

Ct = δ1t + δ2t

ξt = e−∆t
(
Ct
C0

)−α
= e−∆t

(
δ1t + δ2t

δ1,0 + δ2,0

)−α
(8)

where ξ is the state-price density i.e. a risk adjusted discount factor that prices claims
to future cashflows. Although markets are incomplete (2 risky assets and 4 Brownian
motions), the state-price density has the same functional form as the one derived
by Karatzas, Lehoczky, and Shreve (1987) and Cox and Huang (1989) in a complete
market setup. The reason is that the economy is populated by a single investor. Note
that the state-price density represents the ususal marginal utility of consumption.

Equation (8) shows that the state-price density depends on dividend 1 and dividend
2. Hence an increase in fundamental 1 or fundamental 2 decreases the expected value
of discount factors or increases expected discount rates. The interactions between
fundamentals and discount rates implied by fluctuating attention to news will permit
to understand why contagion (return and volatility spillover effects) among financial
markets occurs.

Since the state-price density ξ prices future cashflows, the price P T
i of a security

paying a single-dividend δiT at time T is defined by

P T
it = e−∆(T−t)Et

(δ1T + δ2T

δ1t + δ2t

)−α
δiT

 .
Proposition 2 characterizes the prices of the single-dividend paying securities.

Proposition 2. The prices P T
1 and P T

2 of the securities paying the single-dividends
δ1T and δ2T at time T satisfy

P T
1t = e−∆(T−t)eα(ζ1t−Qt)Et

(
e(1−α)ζ1T+αQT

)
(9)

P T
2t = e−∆(T−t)eα(ζ1t−Qt)Et

(
e(1−α)ζ1T+(α−1)QT

)
− P T

1t (10)

where ζi ≡ log δi is the log-dividend and Q = log δ1
δ1+δ2 the log-dividend share.

Proof. See Appendix A.4.

The stock price Pi, i ∈ {1, 2} is defined as the sum over maturities T of the
single-dividend paying securities

Sit =
∫ ∞
t

P T
it dT. (11)
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Equations (9) and (10) show that the single-dividend paying securities are deter-
mined by moment-generating functions (henceforth transforms) of the vector (ζ1, Q)>.
Computing these transforms is challenging, as the vector of state variables is not
affine-quadratic. The next section exposes a methodology that permits to accurately
approximate them.

2.5 Approximation of the Transforms

First, note that log-dividends and performance indices are the sole affine variables
appearing in the setup. Second, the large dimensionality of the state space makes
impossible the application of Finite Differences or Chebyshev Collocation. I could have
solved for prices running Monte-Carlo simulations but this procedure would have been
extremely time consuming, again because of the large dimensionality. Hence I prefer
to apply the methodology developed in Andrei and Hasler (2012) to approximate the
transforms of the vector (ζ1, Q)>.

The idea consists in approximating the dynamics of the state-vector, and then
compute the transforms appearing in Equations (9) and (10) by applying the theory on
affine processes (e.g., Duffie, 2008). An accurate approximation of the dynamics includes
second-order terms. Consequently, before approximating I augment the state-vector by
these second order terms (Cheng and Scaillet, 2007). Then I compute the drift and
variance-covariance matrix of the augmented state-vector. Finally, I approximate these
augmented drift and variance-covariance matrix by performing a Taylor expansion.

Because the dividend share belongs to the interval ]0, 1[, the log-dividend share Q
belongs to ]−∞, 0[. Therefore, the dynamics of Q cannot be accurately approximated
by performing Taylor expansions. To overcome this problem I perform the following
change of variable19

Q̃ ≡ log
(

1 + δ1

δ1 + δ2

)
= log

(
1 + eQ

)

where Q̃ ∈]0, log (2)[. The dynamics of Q̃ are

dQ̃t = e−2Q̃t
(
eQ̃t − 2

) (
eQ̃t − 1

) ((
e2Q̃t − 2

)
σ2
δ + eQ̃t

(
f̂2t − f̂1t

))
dt

+
(
σδ
(
3− 2e−Q̃t − eQ̃t

)
σδ
(
−3 + 2e−Q̃t + eQ̃t

)
0 0

)
dWt

+
(

log
(

1+2J(1−cosh(Q̃t)+sinh(Q̃t))
1+(eQ̃t−1)J

)
log

(
1+(2e−Q̃t−1)J

1+(2−eQ̃t)J
))

dNt.

Proposition 3 defines the single-dividend paying securities appearing in Equations
(9) and (10) under the change of variable stated above.

19Note that this change of variable could be omitted. If it was, the approximation of the transforms
would be slightly less accurate.
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Proposition 3. Assuming that the coefficient of relative risk aversion α is an integer,
the single-dividend paying securities satisfy

P T
1t = e−∆(T−t)

(
eζ1t

eQ̃t − 1

)α α∑
j=0

(
α

j

)
(−1)α−jEt

(
e(1−α)ζ1T+jQ̃T

)
(12)

P T
2t = e−∆(T−t)

(
eζ1t

eQ̃t − 1

)α α−1∑
j=0

(
α− 1
j

)
(−1)α−1−jEt

(
e(1−α)ζ1T+jQ̃T

)
− ST1t. (13)

Proof. See Appendix A.5.

I can now proceed with the exposition of the approximation method. The state-
vector x defined by

x ≡ (xi)8
i=1

=
(
ζ1 Q̃ f̂1 f̂2 π1 π2 γ1 γ2

)>
dxt ≡ µ(xt) + σ(xt)dWt +

(
Z1(xt) Z2(xt)

)
dNt (14)

incurs a non-affine drift µ(x) and a non-affine variance-covariance matrix σ(x)σ(x)>.
Given the structure of µ(x) and σ(x)σ(x)>, the augmented state-vector X is chosen to
be

X ≡ (Xi)17
i=1

=
(
ζ1 Q̃ f̂1 f̂2 π1 π2 γ1 γ2 . . .

. . . Q̃2 Q̃f̂1 Q̃f̂2 Q̃γ1 Q̃γ2 π2
1 π2

2 γ2
1 γ2

2

)>
dXt ≡µ(Xt) + σ(Xt)dWt +

(
Z1(Xt) Z2(Xt)

)
dNt.

The reference vector x0 around which the drift µ(X) and the variance-covariance
matrix Σ(X) ≡ σ(X)σ(X)> will be expanded is exposed in Definition 1.

Definition 1. The reference vector x0 satisfies

x02 = log (1.5) x03 = x04 = f̄

x05 = x06 = f̄ + Jν

ω
x07 = x08 ≡ γss.

Note that x01 is not defined because ζ1 neither shows up in the drift µ(X) nor in the
variance-covariance matrix Σ(X). f̄ is the long term mean of f̂1 and f̂2, f̄+Jν

ω
is the

long term mean of π1 and π2, and γss = σδ
√
σ2
f (1−Ψ2) + λ2σ2

δ − λσ2
δ is the posterior

variance of f1 and f2 conditional on πi = f̄+Jν
ω

. The derivations of the long term means
are provided in Appendix A.1. The long term posterior variance γss is computed in
Appendix A.3.
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The drift µ(X) and the variance-covariance matrix Σ(X) are expanded around the
reference vector x0 defined above. That is, µ(X) and Σ(X) are written

µ(X) ≈ K0 +K1X

Σ(X) ≈ H0 +
17∑
i=1

HiXi

where K1 and Hi, i = 0, . . . , 17 are 17-dimensional squared matrices and K0 a 17-
dimensional vector. K0, K1, and Hi, i = 0, . . . , 17 are available upon request.

The jump size vectors Z1(X) and Z2(X) are state-dependent. In order to be able
to apply the theory on affine processes, jump sizes must be independent and identically
distributed. Hence the vectors Z1(X) and Z2(X) are approximated by substituting the
state variables by their corresponding reference values exposed in Definition 1. That is,

Z1(X) ≈ Y1

Z2(X) ≈ Y2

where the constant jump size vectors Y1 and Y2 are provided in Appendix A.6.
µ(X), Σ(X), Y1, and Y2 verify all the properties necessary for the theory on affine

processes to apply. Following Duffie (2008), the transforms defined in Equations (12)
and (13) are approximated by

Et
(
eεζ1T+χQ̃T

)
≈ eᾱ(T−t)+

∑17
i=1 β̄i(T−t)Xi (15)

where the functions ᾱ(.) and β̄i(.), i = 1, . . . , 17, solve a set of 18 Riccati equations
subject to ᾱ(0) = 0, β̄1(0) = ε, β̄2(0) = χ, and β̄i(0) = 0, i = 3, . . . , 17.

The system of Riccati equations is

β̄′(τ) = K>1 β̄(τ) + 1
2 β̄(τ)>H+β̄(τ)

ᾱ′(τ) = K>0 β̄(τ) + 1
2 β̄(τ)>H0β̄(τ) + ν

(
eY
>
1 β̄(τ) − 1

)
+ ν

(
eY
>
2 β̄(τ) − 1

)
where τ = T − t.20 The set of Riccati equations is solved numerically. Then substitut-
ing Equation (15) in Equations (12) and (13) determines the single-dividend paying
securities prices P T

1 and P T
2 . As described in Equation (11), stock prices are obtained

by numerically integrating the single-dividend paying securities.
Please refer to Appendix A.7 for details regarding the accuracy of the approximation.

The average PDE residuals are of the order of 10−6 and the maximum PDE residuals
are of the order of 10−4. In other words, the approximation method provides accurate
estimators of the transforms. In the next section I pursue with the analysis of the

20Note that the matrix H+ is 3-dimensional. It consists in the concatenation of the matrices
Hi, i = 1, . . . , 17. This notation is used to avoid writing an equation for each β̄.
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σδ f̄ λ σf ω Λ Ψ ν J α ∆
1.5% 2.6% 0.861 5.7% 0.201 50.065 0.524 2% -5% 3 1%

Table 1: Calibration.
The first seven parameters are taken from Andrei and Hasler (2012). Andrei and Hasler
(2012) estimate the parameters of a similar one asset model with fluctuating attention.
Parameters are chosen to match several moments of the US GDP growth rate and its
corresponding forecast from 1969 to 2010. Jump intensities and jump sizes are inspired by
Barro (2006).

results.

3 Results

In this section I investigate the implications of fluctuating attention on contagion
and on the dynamics of market volatilities and cross-market correlation. I show that
increased attention to one market raises both market volatilities and the cross-market
correlation i.e. fluctuating attention implies return and volatility spillovers. As a result,
volatilities and correlation increase with aggregate attention—the sum of attentions
across markets. Because aggregate attention is inversely related to the health of the
overall economy, volatilities and correlation are counter-cyclical. Finally, I show that
an increase in aggregate attention triggers a more pronounced increase in the short
term correlation than in the long term correlation.

The literature dealing with two trees argues that correlation and volatil-
ities are driven by dividend shares (e.g., Cochrane et al., 2008; Martin, 2009;
Branger, Schlag, and Wu, 2011). Hence fluctuations in volatilities and correlation
depend on the significance of fluctuations in dividend shares. Moreover, if one considers
two markets, an increase in the dividend share of market 1 reduces the dividend share
of market 2. As a result, an increase in one market volatility implies a mechanical
decrease in the other. These models can consequently not explain why observed market
volatilities and cross-market correlations increase simultaneously in downturns.

Tables 1 and 2 report the calibration and the initial state values considered hence-
forth. Parameters are chosen to match several empirical moments of the US GDP
growth rate and its corresponding forecast from 1969 to 2010 (see Andrei and Hasler
(2012) for additional details). Initial state values are set to the reference values exposed
in Definition 1.

Figure 2 shows that the calibration provided in Table 1 does not allow the dividend
share Q ≡ δ1

δ1+δ2 to move significantly. The probability21 that the dividend share ends
up above 0.7 in 100 years from now is close to 0% in Cochrane et al. (2008)’s case

21See Appendix A.8 for the derivation of the Cumulative Distribution Function of the dividend
share.
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ζ1 Q̃ f̂1 = f̂2 π1 = π2 γ1 = γ2

0 log (1.5) f̄ f̄+Jν
ω

γss

Table 2: Initial State Values.
The initial state values coincide with the reference vector x0. Both dividends are assumed to
be initially of the same size.
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Figure 2: Cumulative Distribution Function of the Dividend Share.
The distribution of the dividend share Qt is plotted against the time horizon t for different
values of x. Panel (a) considers two independent dividends driven by two constant fundamen-
tals f̄ . Panel (b) considers two independent dividends driven by one constant fundamental f̄
and one Ornstein-Uhlenbeck fundamental. Panel (c) considers two independent dividends
driven by two independent Ornstein-Uhlenbeck fundamentals. The calibration is provided in
Table 1. State values are reported in Table 2.

(see Panel a). Panel (b) shows that this probability reaches 10% in the complete
information case considered by Branger et al. (2011). Finally, if one considers a model
with two independent dividends driven by two independent and observable mean-
reverting fundamentals, the probability increases to 20% (see Panel c). To summarize,
within reasonably short horizons dividend shares do not fluctuate enough to imply
significant variations in volatilities and correlation.

In what follows I show that fluctuating attention implies significant changes in
market volatilities and cross-market correlation. Importantly, fluctuating attention
reverses the result obtained in the aforementioned studies. In my model, market
volatilities and cross-market correlation co-move positively, consistent with empirical
evidence. Furthermore, fluctuating attention implies contagion among financial markets.
As attention to one market increases, market volatilities and cross-market correlation
rise.

3.1 Attention, Correlation, Volatility, and Spillovers

The theoretical asset pricing literature argues that contagion among financial mar-
kets results from investors’ heterogeneity and fundamental interdependence (e.g.,
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King and Wadhwani, 1990; Kyle and Xiong, 2001; Kodres and Pritsker, 2002). In
these studies, the risk free rate is exogenous and assumed to be fixed. In contrast, I
show that contagion is precisely implied by the equilibrium interconnections between
attention and discount rates. Intuitively, a larger attention paid to market 1 implies
that news are more quickly incorporated in the investor’s assessment of fundamental
1 i.e. the filtered fundamental becomes more volatile. Since fundamentals determine
equilibrium discount rates, discount rates become more volatile and yield a simultaneous
increase in market volatilities and cross-market correlation. Furthermore, motivated
by empirical evidence my model features counter-cyclical attention. As a result, high
levels of volatilities and correlation are observed in bad macroeconomic episodes i.e.
when attention is large. Hence and in contrast to the aforementioned studies, my paper
provides a foundation for both the contagion among fundamentally unrelated markets
and for the observed patterns of volatilities and correlations in both the time series
and the cross-section.

In order to understand the process leading to contagion, let us first define market
volatilities and cross-market correlation. The stock return diffusion matrixD is obtained
by applying Itô’s lemma to stock prices P1 and P2. The diffusion matrix D satisfies

D ≡

D11 D12 D13 D14

D21 D22 D23 D24

 =
 1

P1
∂P1
∂x>

σ(x)
1
P2

∂P2
∂x>

σ(x)


where x is the state-vector defined in Equation (14). The components of the diffusion
matrix D are provided in Definition 2.

Definition 2. The diffusion components of stock i satisfy

Di1 =
P
if̂1

Pi

γ1

σδ
+ σδ

(
1 + Piπ1

Pi
+
PiQ̃
Pi

(
3− 2e−Q̃ − eQ̃

))

Di2 =
S
if̂2

Pi

γ2

σδ
+ σδ

(
Piπ2

Pi
+
PiQ̃
Pi

(
−3 + 2e−Q̃ + eQ̃

))

Di3 =
P
if̂1

Pi
σfΦ1

Di4 =
P
if̂2

Pi
σfΦ2

where Piy stands for the derivative of stock i with respect to the state variable y.

Stock return variances are provided in Definition 3.

Definition 3. The variance of stock i is written σ2
i . It satisfies

σ2
i =

4∑
j=1

D2
ij

where the component Dij is provided in Definition 2.
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My aim is to highlight the volatility spillover effect implied by fluctuating attention.
Definitions 2 and 3 suggest that the significance of the spillover from market i to market
j depends on the value of the derivative P

jf̂i
. Remark 1 exposes the features of the

derivatives P
if̂i

and P
jf̂i

conditional on the value of the risk aversion α.

Remark 1. If risk aversion α is larger than or equal to 2, then

1. P
jf̂i
< 0, ∀i, j ∈ {1, 2}.

2. |P
if̂i
| < |P

jf̂i
|, i 6= j.

If risk aversion α is smaller than or equal to 1, then

1. P
if̂i
> 0, ∀i ∈ {1, 2} and P

jf̂i
< 0, i 6= j.

2. |P
if̂i
| ≥ |P

jf̂i
|, i 6= j.

In order to understand the above assertion, let us consider an investor with risk
aversion larger than 2. A positive shock in the filtered fundamental f̂1 has two opposite
effects on stock 1. First, dividend 1 is expected to increase. This is the direct channel.
Second, discount rates rise. This is the indirect channel. The direct channel pushes
stock price 1 up, while the indirect channel pushes stock price 1 down. As explained in
Veronesi (2000), the discounting effect is stronger than the dividend effect as long as
risk aversion is sufficiently large. This is the precautionary savings effect. An increase
in expected future consumption increases current consumption because the investor
smoothes consumption over time. Hence savings (investments) decrease, and so are
the demands for stock 1, stock 2, and the riskless asset i.e. stock prices decline and
the risk free rate rises. The decline in stock 2, however, is more pronounced than the
decline in stock 1 because stock 2 is solely impacted by the discounting effect.

The properties of P
if̂i

and P
if̂j

can also be understood by investigating the definition
of stock prices

Pit = (δ1t + δ2t)α Et
(∫ ∞

t
(δ1s + δ2s)−α δisds

)
≡ (δ1t + δ2t)α Et

(∫ ∞
t

dsδisds
)
.

As already mentioned, a positive shock in f̂1 tends to increase dividend 1. As long as
α ≥ 2, the factor d decreases sufficiently to outweigh the increase in dividend 1. Hence
stock price 1 decreases. Stock price 2 decreases more than stock price 1 because it is
impacted by dividend 1 through the discount factor d only. Conversely, if risk aversion
is small enough the factor d does not decrease sufficiently to outweigh the increase in
dividend 1. Hence stock price 1 increases and stock price 2 decreases. Furthermore,
the dividend effect is considerably stronger than the discounting effect i.e. the increase
in stock price 1 is more pronounced than the decrease in stock price 2.
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Figure 3: Decomposition of the Volatility Spillover Effect.
Panel (a) illustrates the relationship between the components of the variance of stock return
1 and attention to market 1. Panel (b) illustrates the relationship between the components of
the variance of stock return 2 and attention to market 1. Dij corresponds to the diffusion
component appearing in Definition 2. The calibration is provided in Table 1. State values
are reported in Table 2.

Since we know how the derivatives of stock prices with respect to fundamentals
behave, we can highlight the impact of fluctuating attention on market volatilities and
cross-market correlation. This task is undertaken below under the assumption that
α = 3.

Figure 3 depicts the four components of the variance of stock returns with respect
to attention paid to market 1. Panel (a) illustrates the variance of stock 1 and Panel
(b) the variance of stock 2. Dotted and dashed curves correspond to the loadings on
the different Brownian motions. Total variances are the solid blue curves.

The level of the volatility of stock 1 is principally driven by the loadings on the
second and fourth Brownian motions. Symmetrically, the first and third Brownian
motions form the level of the volatility of stock 2. Each term depends on the derivative
P
if̂j
, i 6= j, which is shown to be significantly larger than the other partial derivatives.

Indeed, the sensitivity of price i to changes in the dividend share, in the performance
indices, and in fundamental i are weak.

As attention to market 1 increases, both volatilities increase. The volatility of
stock 2, however, increases more importantly than the volatility of stock 1 because
|P
if̂j
| > |P

if̂i
|, i 6= j (see Remark 1).

The economic explanation is the following. A negative shock in dividend 1 reduces
the past performance of dividend 1 and thus raises attention to market 1. High
attention means efficient learning. Hence the information content of the signal is
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quickly incorporated into the investor’s estimation, implying a more volatile filtered
fundamental. Since filtered fundamentals determine equilibrium discount rates, the
volatility of discount rates increases. Both prices being determined by the same
state-price density, more volatile discount rates lead to more volatile returns in both
markets.

Remember that stock 2 is influenced by the discounting effect only. In contrast,
stock 1 is negatively and positively impacted by the dividend shock and the discounting
shock, respectively. Hence the volatility of stock 2 increases more than the volatility of
stock 1 as attention to market 1 rises. Symmetrically, the volatility of stock 1 increases
more than the volatility of stock 2 as attention to market 2 increases. This result
is consistent with the empirical findings of Connolly and Wang (1999). In the latter
study, domestic macroeconomic news are shown to drive foreign stock market volatility
more than domestic market volatility.

Provided that market volatilities increase with attention to market 1 and market 2,
volatilities increase with aggregate attention. Aggregate attention is defined as the sum
of both attention processes and it measures the quality of the overall macroeconomic
conditions. In bad times aggregate attention is large, whereas in good times aggregate
attention is low. Hence aggregate attention is counter-cyclical.

Figure 4 illustrates a 20-years path of volatilities under constant and fluctuating
attention. Constant attention is defined by Φ1 = Φ2 = Ψ. Panel (a) depicts volatilities
under constant attention, Panel (b) volatilities under fluctuating attention, Panel (c)
the dividend share, and Panel (d) aggregate attention. Panel (e) and (f) illustrate the
relationship between market volatilities and aggregate attention.

Aggregate attention clearly drives volatilities. An increase in aggregate attention
augments market volatilities, whereas a decrease in aggregate attention reduces market
volatilities (see Panels b, d, e, and f). Aggregate attention being counter-cyclical,
so are market volatilities. This result is consistent with the empirical findings of
Schwert (1989a) and Mele (2008). Panels (b) and (d) confirm that volatility spillover
effects occur. As attention to one market increases, aggregate attention increases.
Therefore, market volatilities rise simultaneously, consistent with Hamao et al. (1990)
and Lin et al. (1994).

When attention is constant, market volatilities are principally driven by dividend
shares. As the dividend share of market 1 increases, the dividend share of market 2
mechanically decreases. Therefore, market volatilities move in the opposite direction
(see Panel a). In the fluctuating attention case, variations in dividend shares are
outweighed by variations in aggregate attention. This implies an amplification of
the fluctuations in market volatilities and a positive co-movement between them (see
Panels a and b). To summarize, incomplete information and learning does not help
understand the patterns of market volatilities in the cross-section. Learning with
fluctuating attention, however, replicates the observed patterns of market volatilities
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in time series and cross-section. Indeed, volatilities among fundamentally unrelated
assets co-vary positively and strongly, consistent with Fleming et al. (1998).

Let us now turn to the relationship between attention and the co-movement among
stock returns. The covariance between stock return 1 and stock return 2 is provided in
Definition 4.

Definition 4. The cross-market covariance is written σ12. It satisfies

σ12 =
4∑
j=1

D1jD2j

where the component Dij is provided in Definition 2.

The cross-market correlation is provided in Definition 5.

Definition 5. The cross-market correlation is written ρ12. It satisfies

ρ12 = σ12

σ1σ2
=

∑4
j=1D1jD2j√∑4

j=1D
2
1j

√∑4
j=1D

2
2j

where the component Dij is provided in Definition 2.

Definitions 4 and 5 show that the co-movement depends on the cross-products of
the diffusion components. As emphasized in Remark 1, the derivatives of both stock
prices with respect to the filtered fundamentals are negative as long as risk aversion is
sufficiently large. Moreover, the partial derivatives Piπj and PiQ̃, i, j ∈ {1, 2} do not
influence the level of the diffusion components significantly. Finally, |D13| and |D23|
increase with attention to market 1 (see Figure 3). Consequently, we expected the
co-movement among stock returns to be positive and increasing with attention.

Figure 5 decomposes the cross-market correlation in four components. The i-th
component is equal to D1iD2i

σ1σ2
. It corresponds to the correlation implied by the i-th

Brownian motion. The cross-market correlation is positive even though dividends,
fundamentals, and signals are uncorrelated. In order to discuss the economic reasons
leading to a positive cross-market correlation, I consider the decomposition exposed in
Cochrane et al. (2008). Their paper shows that the cross-market co-movement consists
in four terms: the co-movement between price-dividend ratio 1 and dividend 2, between
price-dividend ratio 2 and dividend 1, between price-dividend ratio 1 and price-dividend
ratio 2, and between dividend 1 and dividend 2, which is zero in my case.

Let us consider a negative shock in dividend 1. This shock reduces the performance
of dividend 1 and thus raises attention to market 1. Moreover, this shock pushes the
investor to decrease her estimation of fundamental 1 (see Equation 4). Hence discount
rates decrease and trigger an increase in price-dividend ratio 2. Since risk aversion is
relatively large, precautionary savings imply an increase in price-dividend ratio 1; the
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Figure 4: A Time Series of Volatilities.
Panels (a) and (b) depict a 20-years simulation of market volatilities under constant and
fluctuating attention, respectively. Panels (c) and (d) depict the corresponding path of the
dividend share of market 1 and aggregate attention, respectively. Panels (e) and (f) illustrate
the relationship between aggregate attention and market volatilities. Constant attention is
obtained by setting Φ1 = Φ2 = Ψ. The calibration is provided in Table 1. Initial state values
are reported in Table 2.
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Figure 5: Decomposition of the Cross-Market Correlation.
The cross-market correlation is plotted against attention to market 1. Wi stands for the
correlation component coming from the i-th Brownian motion. More precisely, component
i corresponds to D1iD2i

σ1σ2
, where Dij and σi are provided in Definitions 1 and 3, respectively.

The calibration is provided in Table 1. State values are reported in Table 2.

discounting effect outweighs the dividend effect. Therefore, the co-movement among
price-dividend ratios is positive but the co-movement between price-dividend ratio i
and dividend j is negative. The former effect dominates the latter because the impact
of the discounting channel is huge. As a result, the correlation between both market
returns is positive and significant.

As attention to market 1 increases, the cross-market correlation rises because the
diffusion components D13 and D23 increase (in absolute value). Hence fluctuating
attention implies return spillover effects. The economic intuition is provided in what
follows.

Remember that the diffusion of the filtered fundamentals reflects two pieces of
information (two weights): dividend innovations and signal innovations. The posterior
variance loads on dividend innovations and attention on signal innovations. As a
negative shock hits dividend 1, attention to market 1 increases but the posterior
variance remains constant, as it is deterministic. In other words, the weight assigned to
signal innovations rises and the one assigned to dividend innovations remains unchanged.
Consequently, the variance of the filtered fundamental increases while the covariance
between the dividend and the filtered fundamental remains constant. This means that
an increase in attention de-correlates the dividend from the filtered fundamental. Since
discount rates are driven by the filtered fundamentals, the correlation between discount
rates and dividend 1 is reduced. As a result, the negative co-movement between
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Figure 6: A Time Series of the Cross-Market Correlation.
Panels (a) depicts a 20-years simulation of the cross-market correlation under constant
and fluctuating attention. Panel (b) and (c) depict the corresponding path of aggregate
attention and the dividend share of market 1, respectively. Constant attention is obtained
by setting Φ1 = Φ2 = Ψ. Panel (d) illustrates the relationship between aggregate attention
and cross-market correlation. The calibration is provided in Table 1. Initial state values are
reported in Table 2.

price-dividend ratio 2 and dividend 1 is less pronounced when attention to market 1 is
high than when it is low.

The above mechanism permits to understand why cross-market correlation increases
with attention to market 1, and by symmetry, with attention to market 2. To summarize,
cross-market correlation rises, like market volatilities, with aggregate attention.

Figure 6 illustrates a 20-years path of the cross-market correlation under constant
and fluctuating attention. Φ1 = Φ2 = Ψ defines the constant attention case. The time
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series is on Panel (a), aggregate attention on Panel (b), the dividend share on Panel
(c), and the cross-market correlation against aggregate attention on Panel (d).

There is a strong positive relationship between aggregate attention and cross-market
correlation. High aggregate attention triggers a large correlation, whereas low aggregate
attention implies a small correlation. Consequently, cross-market correlation is, as
market volatilities, counter-cyclical. This result is in line with the empirical findings of
Erb et al. (1994), King et al. (1994), and Longin and Solnik (2001).

Fluctuating attention significantly amplifies the variations in correlation. Indeed,
correlation ranges from 0.38 to 0.47 in the constant attention case and from 0.3 to 0.65
in the fluctuating attention case. Moreover, fluctuating attention implies that market
volatilities and cross-market correlation co-move positively. It is worth noting that this
result does not hold when attention is constant.

To summarize, fluctuating attention is able to reproduce the observed patterns of
volatilities and correlations in time series and cross-section. Counter-cyclical attention
leads to counter-cyclical market volatilities and cross-market correlation. Moreover,
volatility spillover effects are accompanied by increases in cross-market correlation
(return spillovers), consistent with the empirical literature documenting contagion
among financial markets.

To conclude, note that the contagion effect implied by fluctuating attention crucially
depends on the value of the dividend share, which was set to 0.5 in the above analysis.
If the dividend share was close to 0, then an increase in attention 1 would not impact
the volatility of stock 2 and would reduce the cross-market correlation. An increase
in attention 2, however, would significantly increase the volatility of stock 1 and the
cross-market correlation.

3.2 How Do Volatilities and Correlation Respond to Shocks
in Attention?

In the previous section I showed that market volatilities and cross-market correlation
increase contemporaneously with attention to market 1 and market 2. Moreover, as
attention to market 1 increases, the volatility of stock 2 augments more than the
volatility of stock 1. An interesting question that remains unanswered is: how do
volatilities and correlation respond to an increase in past attention? I answer this
question below.

In order to illustrate how volatilities and correlation respond to past shocks in
attention, I assume that the Poisson process N1 hits dividend 1 at time t = 0. As
N1 jumps, dividend 1 is reduced by J = 5% and thus attention to market 1 increases
significantly.

Panels (a) and (b) of Figure 7 depict the impulse responses of market volatilities
and cross-market correlation, respectively. Responses are obtained by averaging the
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Figure 7: Impulse Response of Market Volatilities and Cross-Market Correlation
to a Time-0 Shock in Dividend 1.
Panel (a) and (b) depict the responses of market volatilities and cross-market correlation,
respectively. Panel (c) and (d) illustrate the corresponding average posterior variances
and average attentions, respectively. Responses are computed by averaging volatilities and
correlation across 10’000 simulations. The calibration is provided in Table 1. Initial state
values are reported in Table 2.

paths of market volatilities and cross-market correlation across 10’000 simulations.
Panels (c) and (d) depict the associated average posterior variances and attentions,
respectively.

Panels (c) and (d) illustrate appealingly how the posterior variance of fundamental
1 reacts to changes in attention to market 1. As attention to market 1 increases, the
posterior variance decreases with a delay. Conversely, as attention decreases, it takes
some time for the posterior variance to rise. The reason is that the posterior variance
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is locally deterministic.
As already mentioned, the volatility of stock 2 responds more strongly to the shock

in dividend 1 than the volatility of stock 1 because |P2f̂1
| > |P1f̂1

|. In other words, an
increase in attention to market 1 has a larger contemporaneous impact on the volatility
of stock 2 than on the volatility of stock 1. Interestingly, the volatility of stock 2
reverts back quickly while the volatility of stock 1 persists. The reason is twofold. First,
attention to market 1 (2) and the posterior variance of fundamental 1 (2) impact the
volatility of stock 2 (1) more strongly (weakly) than the volatility of stock 1 (2) again
because |P2f̂1

| > |P1f̂1
|. Second, attention to market 1 and the posterior variance of

fundamental 1 decline quickly while attention to market 2 and the posterior variance
of fundamental 2 are relatively stable.

Remember that an increase in attention to market 1 de-correlates (contempora-
neously) price-dividend ratio 2 from dividend 1 because the weight assigned by the
investor to signal innovations increases. This mechanism pushes the cross-market
correlation upward. Moreover, as attention to market 1 rises, learning becomes more
and more efficient i.e. the lagged posterior variance of fundamental 1 decreases. This
de-correlates price-dividend ratio 2 from dividend 1 even further and leads to the
cross-market correlation increase observed between time 0 and time 0.5. Between times
0.5 and 2 the posterior variance of fundamental 1 increases significantly. Consequently,
the negative co-movement between price-dividend ratio 2 and dividend 1 strengthens
and pushes correlation down.

To summarize, contemporaneous changes in market volatilities and cross-market
correlation can be understood by analyzing the variations in attentions only. Lagged
movements in volatilities and correlation, however, can only be explained by taking
into account the joint impact of attentions and posterior variances.

3.3 The Term Structure of Correlation

Van Binsbergen et al. (2012) have recently documented a larger correlation among
dividend strips with long maturities (henceforth long term correlation) than among
dividend strips with short maturities (henceforth short term correlation). Moreover,
cross-market correlation is larger than both long term and short term correlation.
In downturns, cross-market correlation, long term correlation, and short term cor-
relation rise significantly. Changes in short term correlation, however, are the most
pronounced. That is, the gap between long term correlation and short term correlation
is relatively large in bullish phases and close to zero in bearish phases (see Figure 4 in
Van Binsbergen et al., 2012).

To the best of my knowledge, there is no theoretical foundations for this empirical
finding. I fill this gap and I show that fluctuating attention is able to reproduce the
features of short term and long term correlation highlighted in the aforementioned
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Figure 8: Dynamics of the Term Structure of Correlation.
Panel (a) depicts the correlation among T -maturity dividend strips. Good, normal, and
bad times correspond to the dotted, dashed, and solid lines, respectively. In Panels (b), (c),
and (d) a 10-years simulation is performed. On Panel (b) the red dashed and black dotted
curves are the correlations among 5-years strips and 1-year strips, respectively. The solid blue
curve is the cross-market correlation. Aggregate attention is illustrated on Panel (c) and the
relationship between aggregate attention and the short term to long term correlation ratio on
Panel (d). The calibration is provided in Table 1. Initial state values are reported in Table 2.

paper.
In my model, dividend strips correspond to the single-dividend paying securities

defined in Proposition 2. The diffusion of the T -maturity dividend strips is obtained by
substituting stock prices P1 and P2 by the single-dividend paying securities prices P T

1

and P T
2 in Definitions 2. The correlation among dividend strips follows from Definitions

3, 4, and 5.
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Panel (a) of Figure 8 depicts the term structure of correlation for different states
of nature. In bad, normal, and good times the investor is highly (Φ1 = Φ2 = 1),
normally (Φ1 = Φ2 = 0.5), and poorly attentive (Φ1 = Φ2 = 0), respectively. Short
term correlation is smaller and more volatile than long term correlation, consistent
with empirical findings. Indeed, as the economy switches from good to bad times, the
level of short term correlation is not far from reaching the level of long term correlation.

Panel (b) depicts a 10-years simulation of short term correlation (1-year dividend
strips), long term correlation (5-years dividend strips), and cross-market correlation.
Panel (c) illustrates the corresponding aggregate attention. First, short term correlation
is significantly smaller than both the long term and the cross-market correlation. Second,
the time period ranging from 3.5 to 6 years shows that, when the economy switches
from good (aggregate attention is 0.2) to bad times (aggregate attention is 1.5), short
term correlation increases more than both cross-market and long term correlation.
Therefore, the gap between long term correlation and short term correlation is more
pronounced in good times (year 3.5) than in bad times (year 10). Panel (d) illustrates
more appealingly this result, as it plots the ratio between short term and long term
correlation against aggregate attention. The ratio ranges from 0 in good times to 0.9
in bad times.

In order to understand the increasing nature of the term structure of correlation,
let us assume that the maturity of strips is T = 0. In this case, strip prices are equal
to the respective dividends. Therefore, the correlation among strips with the shortest
maturity is equal to the cross-dividend correlation which is zero by assumption. As
maturity increases, the effect of the state-price density, which was absent when the
maturity was zero, becomes more and more important. As a result, strips with large
maturities co-move more than strips with short maturities.

The large volatility of the short term correlation relative to the long term correlation
can be understood by investigating the dynamics of attention. Andrei and Hasler (2012)
calibrate a fluctuating attention model to US GDP data from 1969 to 2010. The outputs
of their GMM estimation shows that attention of US investors quickly switches from
very high values to very low values i.e. attention is shown to be highly non-persistent
when calibrated to US macroeconomic data. Although both short term and long term
correlations depend on attention, the lack of persistence implies that short term claims
are more strongly influenced by attention than long term claims. As a result, short
term correlation is more volatile than its long term counterpart. Note that if attention
had been persistent, then the result would have been reversed i.e. long term correlation
would have been more volatile than short term correlation. To summarize, fluctuating
attention provides a rationale for the observed patterns of short term and long term
correlation documented by Van Binsbergen et al. (2012).
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4 Conclusion

Recent empirical studies shed light on how investors focus on public information.
These studies show that attention to news is fluctuating and counter-cyclical. Since
news affect asset prices only if investors pay sufficient attention to it, a theoretical
paper looking at the implications of fluctuating attention to news on asset prices is
of great interest. In this paper I show that fluctuating attention implies return and
volatility spillover effects among fundamentally unrelated markets. Indeed, a bad
shock affecting one market propagates to other markets through attention, raising
simultaneously each market volatility and cross-market correlation. This contagion
phenomenon generates a positive co-movement between market volatilities, a well-
documented empirical observation that leading general equilibrium models were so far
not able to explain. Furthermore, volatilities and correlations are shown to be increasing
with investors’ aggregate attention to news (the sum of attentions across markets). As
aggregate attention is large in bad macroeconomic episodes, volatilities and correlations
are counter-cyclical in my model. Therefore, fluctuating attention helps explain the
observed patterns of volatilities and correlations in both the time series and the cross-
section. Finally, fluctuating attention helps explain the recently documented dynamics
of short term and long term correlations. To summarize, fluctuating attention provides
a foundation for the contagion among fundamentally unrelated financial markets, for
the dynamics of market volatilities and cross-market correlations (in both the time
series and the cross-section), and for the term structure of correlation. To the best of
my knowledge, leading general equilibrium models fail to explain these three results
simultaneously.

My model provides a new set of testable implications. First, is the volatility of
a given market partly driven by attention paid to another market? Second, does
cross-market correlation depend on attention paid to both markets? Third, is attention
able to forecast short term and long term correlation? If so, is the response of short
term correlation stronger than the response of long term correlation? These tests can
be performed by following the Google search frequency approach of Da et al. (2011),
Vlastakis and Markellos (2012), Dimpfl and Jank (2011), and Kita and Wang (2012)
to gauge investors’ attention.

Finally, this paper raises new theoretical questions for future research. First, could
investors have different attentions? A priori, it seems reasonable to assume that
investors have the same level of attention (although this level is fluctuating). Investors
might, however, be perfectly confident about the informativeness of the signal they
build and unconfident regarding the informativeness of the signal others build. This
feature probably pushes the equilibrium price to deviate from its fundamental value,
creating a bubble. The size of the bubble would certainly be revealed and followed
by a significant crash at the time when investors become perfectly attentive to news.
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Second, what if investors’ attention depends on the price performance rather than on
the dividend performance? In such a rational expectations framework, I expect this
feature to help explain the level and the dynamics of risk premia as well as the trading
strategies applied by more or less informed investors in upturns and downturns. To
conclude, I would like to investigate the impact of fluctuating attention on the risk
free rate and the market price of risk in a production economy. In such a setting, the
optimal consumption depends on the attention variable. Hence and in contrast to the
model exposed here, fluctuating attention impacts the level and the dynamics of the
risk free rate and the market price of risk. Therefore, fluctuating attention certainly
helps to solve the risk free rate and equity premium puzzles.
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A Appendix
A.1 Long Term Means and Variances

Let us consider the 4-dimensional vector Y =
(
f̂1 f̂2 π1 π2

)>
. The dynamics of Y in

vector notation is

dYt = (A−BYt) dt+ CdWt +DdNt

where

A =
(
λf̄ λf̄ 0 0

)>

B =


λ 0 0 0
0 λ 0 0
−1 0 ω 0
0 −1 0 ω



C =


γ1t
σδ

0 σfΦ1t 0
0 γ2t

σδ
0 σfΦ2t

σδ 0 0 0
0 σδ 0 0



D =


0 0
0 0
J 0
0 J

 .
Applying Itô’s lemma on F ≡ eBtY yields

dF =



etλ(dW1tγ1t+dtλf̄σδ+dW3tσfσδΦ1t)
σδ

etλ(dW2tγ2t+dtλf̄σδ+dW4tσfσδΦ2t)
σδ

dW1t(etω((λ−ω)σ2
δ+γ1t)−etλγ1t)−(etλ−etω)σδ(dtλf̄+dW3tσfΦ1t)

(λ−ω)σδ + etωJdNt

dW2t(etω((λ−ω)σ2
δ+γ2t)−etλγ2t)−(etλ−etω)σδ(dtλf̄+dW4tσfΦ2t)

(λ−ω)σδ + etωJdNt


.

Integrating from 0 to t and taking expectation leads to


etλE

(
f̂1t
)
− f̂10

etλE
(
f̂2t
)
− f̂20

(etλ−etω)E
(
f̂1t
)

ω−λ + etωE (π1t)− π10
(etλ−etω)E

(
f̂2t
)

ω−λ + etωE (π2t)− π20

 =



(
−1 + etλ

)
f̄(

−1 + etλ
)
f̄

−etλf̄+f̄+(−1+etω)(Jν(λ−ω)+λf̄)
ω

λ−ω

−etλf̄+f̄+(−1+etω)(Jν(λ−ω)+λf̄)
ω

λ−ω


.

Therefore, the long term means satisfy

lim
t→+∞


E
(
f̂1t
)

E
(
f̂2t
)

E (π1t)
E (π2t)

 =


f̄

f̄
f̄+νJ
ω

f̄+νJ
ω

 .
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Performing similar computations yields the long term variances

lim
t→+∞


Var

(
f̂1t
)

Var
(
f̂2t
)

Var (π1t)
Var (π2t)

 =



σ2
f

2λ
σ2
f

2λ
σ2
f

2λω(λ+ω) + σ2
δ+J2ν

2ω
σ2
f

2λω(λ+ω) + σ2
δ+J2ν

2ω

 .

A.2 Long Term Distribution of Attention
Let us assume for simplicity that no jumps can occur. That is, ν = 0. According to Appendix
A.1, the long term distribution of the performance index πi is

πi ∼ N( f̄
ω
,

σ2
f

2λω(λ+ ω) + σ2
δ

2ω ).

Moreover, the attention Φi is a monotonic increasing (if Λ < 0) or decreasing (if Λ > 0)
function g(.) of the performance index πi. Monotonicity implies the following relationship
between the density of the performance index fπ and the density of the attention fΦ

fΦ (x) =
∣∣∣∣ 1
g′ (g−1 (x))

∣∣∣∣ fπ (g−1 (x)
)

=
exp

(
−
λω(λ+ω) log2

(Ψ(x−1)
(Ψ−1)x

)
Λ2
(
λσ2
δ
(λ+ω)+σ2

f

) )
√
pi (Λx− Λx2)

√
λσ2
δ
(λ+ω)+σ2

f

λω(λ+ω)

where pi is the mathematical constant representing the area of a disk of unit radius and g(.)
is the specification provided in Equation (2).

A.3 The Long Term Posterior Variances
The dynamics of the posterior variance γi conditional on πi = f̄+Jν

ω is

dγit =
(
−γ

2
it

σ2
δ

− 2λγit + σ2
f

(
1−Ψ2

))
dt.

The dynamics of the posterior variance at the “steady-state” is

dγss
dt

= 0.

Solving yields

γss = σδ
√
σ2
f (1−Ψ2) + λ2σ2

δ − λσ
2
δ .

A.4 Proof of Proposition 2
The price of the single-dividend paying securities ST1 is defined by

P T1t = Et
(
ξT
ξt
δ1T

)
. (16)

36



Substituting Equation (8) in Equation (16) yields

P T1t = e−∆(T−t)(δ1t + δ2t)αEt
(
δ1T

( 1
δ1T + δ2T

)α)
= e−∆(T−t)(δ1t + δ2t)αEt

(
δ1−α

1T

(
δ1T

δ1T + δ2T

)α)
= e−∆(T−t)eα(ζ1t−Qt)Et

(
e(1−α)ζ1T+αQT

)
where ζi ≡ log δi is the log-dividend and Q = log δ1

δ1+δ2 the log-dividend share. Similarly, the
price of the single-dividend paying security P T2 satisfies

P T2t = Et
(
ξT
ξt
δ2T

)
= e−∆(T−t)(δ1t + δ2t)αEt

(
δ2T

( 1
δ1T + δ2T

)α)
= e−∆(T−t)(δ1t + δ2t)αEt

(
δ−α1T δ2T

(
δ1T

δ1T + δ2T

)α)
= e−∆(T−t)eα(ζ1t−Qt)Et

(
e−αζ1T

(
e−QT − 1

)
eζ1T eαQT

)
= e−∆(T−t)eα(ζ1t−Qt)Et

(
e(1−α)ζ1T+(α−1)QT − e(1−α)ζ1T+αQT

)
= e−∆(T−t)eα(ζ1t−Qt)Et

(
e(1−α)ζ1T+(α−1)QT

)
− P T1t

�

A.5 Proof of Proposition 3
The single-dividend paying securities price P T1 satisfies

ST1t = e−∆(T−t)eα(ζ1t−Qt)Et
(
e(1−α)ζ1T+αQT

)
= e−∆(T−t)

(
eζ1t

eQ̃t − 1

)α
Et
(
e(1−α)ζ1T

(
eQ̃T − 1

)α)

= e−∆(T−t)
(

eζ1t

eQ̃t − 1

)α
Et

e(1−α)ζ1T
α∑
j=0

(
α

j

)
(−1)α−jejQ̃T


= e−∆(T−t)

(
eζ1t

eQ̃t − 1

)α α∑
j=0

(
α

j

)
(−1)α−jEt

(
e(1−α)ζ1T+jQ̃T

)
.

Similarly, P T2 satisfies

P T2t = e−∆(T−t)eα(ζ1t−Qt)Et
(
e(1−α)ζ1T+(α−1)QT

)
− P T1t

= e−∆(T−t)
(

eζ1t

eQ̃t − 1

)α
Et
(
e(1−α)ζ1T

(
eQ̃T − 1

)α−1
)
− P T1t

= e−∆(T−t)
(

eζ1t

eQ̃t − 1

)α α−1∑
j=0

(
α− 1
j

)
(−1)α−1−jEt

(
e(1−α)ζ1T+jQ̃T

)
− P T1t.

�
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A.6 Definition of the Approximate Jump Size Vectors
The approximate jump size vectors Y1 and Y2 are obtained by substituting the state variables
xi by their reference values xi0 in Z1(X) and Z2(X), respectively. This yields

Y1 =
(

log (1 + J) log
(

6+4J
6+3J

)
0 0 J 0 0 0 − log

(
3
2

)2
+ log

(
2− 1

2+J

)2
. . .

. . . log
(

6+4J
6+3J

)
f̄ log

(
6+4J
6+3J

)
f̄ log

(
6+4J
6+3J

)
γss log

(
6+4J
6+3J

)
γss J(J + 2 f̄+Jν

ω ) 0 0 0
)>

Y2 =
(

0 log
(

6+2J
6+3J

)
0 0 0 J 0 0 − log

(
3
2

)2
+ log

(
1 + 1

2+J

)2
. . .

. . . log
(

6+2J
6+3J

)
f̄ log

(
6+2J
6+3J

)
f̄ log

(
6+2J
6+3J

)
γss log

(
6+2J
6+3J

)
γss 0 J(J + 2 f̄+Jν

ω ) 0 0
)>

.

A.7 Accuracy of the Approximation
Let us defined by

M1(x, t) ≡ Et
(
e(1−α)ζ1T+αQT

)
=

α∑
j=0

(
α

j

)
(−1)α−jEt

(
e(1−α)ζ1T+jQ̃T

)

M2(x, t) ≡ Et
(
e(1−α)ζ1T+(α−1)QT

)
=

α−1∑
j=0

(
α− 1
j

)
(−1)α−1−jEt

(
e(1−α)ζ1T+jQ̃T

)
the transforms appearing in Propositions 2 and 3. Remember that the state-vector x is
defined in Equation (14). M1(x, t) and M2(x, t) are martingales that solve the PDE defined
by

L xMi(x, t) + ∂

∂t
Mi(x, t) + ν (∆1Mi(x, t) + ∆2Mi(x, t)) = 0, i ∈ {1, 2}. (17)

L x is the infinitesimal generator associated with the state-vector x and ∆jMi(x, t) the change
in Mi(x, t) conditional on the occurrence of jump j. The approximate transforms are defined
in Section 2.5. Their functional form is written

M1(x, t) ≈
α∑
j=0

(
α

j

)
(−1)α−jeᾱ1(T−t)+

∑17
i=1 β̄1i(T−t)Xi

M2(x, t) ≈
α−1∑
j=0

(
α− 1
j

)
(−1)α−1−jeᾱ2(T−t)+

∑17
i=1 β̄2i(T−t)Xi .

Substituting the approximate transforms defined above in PDE (17) yields the PDE
residuals. Figure 9 depicts the average (Panel a) and the maximum (Panel b) of the PDE
residuals computed across 100’000 simulations. For each date t ∈ [0, 20], the mean and the
maximum are recorded. Although the dimension of the state-vector is large, the approximation
method provides PDE residuals that are of the order of at most 10−4. The average residuals
are significantly smaller than the maximum residuals. Indeed, the average residuals are of the
order of 10−6. In other words, the approximate transforms accurately fit the true transforms.
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Figure 9: PDE Residuals.
100’000 simulations are performed over a 20-years horizon. Panel (a) illustrates the average
absolute residuals and Panel (b) the maximum absolute residuals computed over the 100’000
simulations. The solid blue line corresponds to the residuals associated to the transform
M1(., .) and the dashed red line to the residuals associated to the transform M2(., .). The
calibration is provided in Table 1. I set T − t = 1 because residuals decrease with time to
maturity. Initial state values are reported in Table 2.

A.8 CDF of the Dividend Share
The CDF of the dividend share Q is defined by

P (Qt ≥ x) = E

1{
log
(
δ2t
δ1t

)
≤log ( 1−x

x )
}

≡ E
(
1{Q̂≤y}

)
≡ G(y; t)

The Fourier transform of G(.) is written

Ĝ(z) =
∫ +∞

−∞
eizydG(y) = E

(
eizQ̂t

)
.

Q̂ satisfies

Q̂t = log
(
δ2s
δ1s

)
+
∫ t

s
(f2u − f1u) du+ σδ ((W2t −W2s)− (W1t −W1s)) .

Assuming that the processes δ1, δ2, f1, and f2 are conditionally independent yields

Es
(
eizQ̂t

)
=
(
δ2s
δ1s

)iz
e−z

2σ2
δ (t−s)Es

(
eiz
∫ t
s

(f2u−f1u)du
)

≡ f(z; δ1s, δ2s, f1s, f2s, s).
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Because

Ms ≡ Es
(
eiz
∫ t
s

(f2u−f1u)du
)
eiz
∫ s

0 (f2u−f1u)du

is a martingale and f1 and f2 are assumed to be affine we obtain

Es
(
eiz
∫ t
s

(f2u−f1u)du
)

= eα(t−s)+β1(t−s)f1s+β2(t−s)f2s

where the functions α(.), β1(.), and β2(.) solve a system of three ODEs subject to α(0) =
β1(0) = β2(0) = 0. Hence the transform satisfies

Ĝ(z; t) = f(z; δ10, δ20, f10, f20, 0)

=
(
δ20
δ10

)iz
e−z

2σ2
δ t+α(t)+β1(t)f10+β2(t)f20 .

The Fourier inversion formula yields

G(y; t) = Ĝ(0; t)
2 − 1

π

∫ +∞

0

1
z
Im
(
e−izyĜ(z; t)

)
dz.

Note that i is the usual imaginary number such that i2 = −1.
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